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The continuity and extension of the domain of validity,
the very good accuracy, the rapidity, and the convenience
of the use of our charts make it a very precious tool for
the engineers.
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Calculation of Microstrip Bends and
Y-Junctions with Arbitrary Angle

REZA MEHRAN

Abstract—A method is described for calculating the frequency-depen-
dent scattering parameters of microstrip bends and Y-junctions with
arbitrary angles. Use is made of a waveguide model and an orthogonal
series expansion for the fields around the discontinuity of the bend, so that
the excitation and propagation of higher order modes can be considered.
The transmission properties of the Y-junctions are derived from those of
the bends by a symmetry consideration. Numerical results are given for
two different substrates and are compared with experimental data. Ne-
glecting radiation effects, they are in good agreement.

I. INTRODUCTION

N THIS PAPER the transmission and reflection prop-
erties of microstrip bends of arbitrary angles are in-
vestigated theoretically and experimentally. In addition,
the results derived for the bends are employed to calculate
the scattering matrix of microstrip Y-junctions. Design of
Y-junctions plays a very important role in fabricating
microstrip power dividers; if microstrip bends with small
declination are connected in series, it should be possible
to realize bandpass or bandstop filters. Up to now a
calculation method which yields the frequency-dependent
scattering parameters of the above mentioned discontinui-
ties has not been described in the literature.
A waveguide mode, which has successfully been em-
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ployed in earlier papers on other microstrip discontinuities
[1H5], also is the basis of the theoretical method used in
this paper. By employing a similar mathematical proce-
dure, as it is applied in waveguide theory [11], the discon-
tinuity structure is divided into three subareas, which are
partly overlapping; for each of the subregions a complete
solution of the wave equation is formulated. The continu-
ity conditions governing the electromagnetic fields are
satisfied on the surfaces which are common to two adja-
cent subregions. A system of equations results from this
method, from which the unknown field amplitudes, and
subsequently the scattering parameters, can be computed.
Representative data achieved from the experimental in-
vestigations are compared to the theoretical results.

II. FORMULATION OF THE PROBLEM

The waveguide model shown in Fig. 1(b) has been
introduced for the microstrip line. It consists of electrical
walls at the top and the bottom of the line, and magnetic
walls at the sides. The effective width w of the model as
well as the effective dielectric constant € are frequency-
dependent model parameters [2], [3]. Making use of this
model the properties of the microstrip bend, shown in Fig.
1(c), are calculated. For reasons which will become obvi-
ous when calculating the Y-junction (Fig. 1(d)), one of the
walls may also be chosen to be an electric wall.

The geometrical structure of the bend is subdivided into
three regions (Fig. 1(c)), and for each of these subregions
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(a) Cross section of the microstrip line. (b) Waveguide model
for the microstrip line. (¢) Bend with arbitrary angle. (d) Y-junction
with arbitrary angle.
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a solution of the wave equation is formulated. Due to the
special planar geometry of this discontinuity, only field
modes which are transverse magnetic with respect to the
x-axis can be excited if the connected microstrip lines
transport their fundamental mode (quasi-TEM mode) or
TE,,o-modes. Therefore in regions I and II the following
field equations which describe the superposition of an
infinite number of modes propagating in + z-direction,
can be given.

Region 1

o0
Ei= 2 o lmoy Ulmoycos [ B, (i +w)]  (1a)
m=0
o0

=2 f{mO)'II(mO)'B:I(mO)'COS[B)'(yl+wl)] (1b)

m=0
I{zI =J 2 By'f%m())' Uv{mO)'Sin [ By (yl + wl):| (IC)
m=0
with
1[50 V)/{mO) plo= ﬁzl(m())
(m0) Wik _le(mo) , (m0) = o
and
U{mo .
IR )}= Ay(mo) CXP [ —JB(z, +Zm)]
(m0)
* by (1m0 EXP [ +jB (z+ 201)] (1d)
with
ma/wy, in the case of magnetic wall
R = 1
By [(m + %)w/wl, in the case of electric wall (le)
and
1 for »=0 } , in the case of magnetic wall
€0=+ 2 for r+0 (1f)
2 forall », in the case of electric wall.
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H, = 2 B poyS ooy T oy €08 W, (2 tw) | (2b)
I b
H =) E (P”/Wz) f(p()) U(pO) sin {*W—z ()’2+W2)} (2¢)
p=0
with
a=\/2 ﬁ—i (24)
0= s
8 wah B ooy
and
Utho .
7 = ay(p0oy EXP [JBZH(ZZ“ Zoz)]
150
= bypo) €XP [ — B (2, Zoz)] (2¢)
and
1 for p=0
= 2f
0 {2 for p 0. 25)

In subregion III the following field components EM
and H," can be formulated in a cylindrical coordinate
system:

111 < €q0
El=— EO Jeweqn\ 7,
J,( By )-cos [ B, (p+a)] (3a)
© /e
mi_ 40
qu - qgoc(qO) vh
J,(BEy¢) cos [ B, (g+a)] (3b)
with
Blly=  r=gn/y ()
and
g/ v, in the case of magnetic wall
(3d)

Bo= (q+ 1 )ﬂ/y, in the case of electric wall.

In (1d) and (2¢) the quantities @) @0y Pigmoy and
by 0y denote the normalized field amplitudes of the inci-
dent and reflected waves, respectively, whereas ¢ ,q in
(3a) and (3b) are the normalized amplitudes of the stand-
ing waves in region IIL j,( B(g,{) and /,,([)’(‘;(1)) {) are the
Bessel functions of order g /vy and argument By, § and

their first derivatives due to {, respectively.

I1.

The continuity conditions require the matching of the
tangential electromagnetic subregional fields at the suit-

MATHEMATICAL SOLUTION OF THE PROBLEM
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able common interface 4 (Fig. 1(c)). With the continuity
condition for the electric field components at {={,:

EIII = EXH’
x EI

and by multiplying the fields with the eigenfunctions
associated with region IIT and integrating over the interval
—a= @= B the following series expansion can be de-
rived for the normalized field amplitudes ¢, in subre-

gion III:
V)’ (p0)

Y Bl

[ a0y F1" (00) F D200y F5 (0]

& Vy(mO)

— wry

for —aS¢@<0

4
f0r0§<p§,8 “)

cooydo( Blooy$o)= ZJ —

z (mO)

'[al(mO)'F1+(mQ)+bl(mO)'Flu(mQ)] (5a)
with

Fam=Vego~ [ cos [ B}(w =% sin (B9))]
~cos [ B, (p+a)]

2 [ + B moy(§o cos (B— @) — 201)] (5b)
and
Fi (op = @ fj)a cos [%(Wz—s*o sin (a+¢))

-cos [,qu((p+a):[
"eXp [ * 7B (p0)($o c0s (a+ ) — Zoz)]- (5¢)

If the continuity condition for the magnetic field compo-
nents at {={,:

— H'sin (p+a)— H" cos (¢p+a),

for —a<ep<0

H'=y X (6)
—H} sin (B—¢)+ H/ cos (8~ o),
for0<e<p

is applied, a corresponding expression can be derived by
field expansion in regions I and II with respect to the

eigenfunctions of region I1I:
VJ’I&:(»

bt %0
ccooyd, (BboySo) = 2 N= I
w2 B o

an Q) IFy (pg)
{az(pO) 5z T b TP}

m 0 17 ,3 (m0)
" (ng) OF (mg)
[al(mO) a§ 1(m0) a§ } (7)
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By eliminating the unknown normalized field amplitudes
ooy from (5) and (7), an infinite system of equations
results. Since the amplitudes of the incident waves are
known the system is deterministic, and after truncation of
the sums the field amplitudes of the reflected waves in
regions I and II can be computed.

IV. SCATTERING PARAMETERS OF THE BEND AND OF
THE Y-JUNCTION

With the functional dependence of the amplitudes of
the reflected waves in both regions on those of the inci-
dent waves in one region available, the scattering parame-
ters easily can be calculated by the definition s, = b,/ a,,
where (b,) is the normalized field amplitude of the re-
flected wave and (a,) that of the incident wave. If excita-
tion at port 1 (Fig. 1(c)) prevails, the following system of
equations is valid for the scattering parameters s and s
of the bend:

e _ OF; " (gp)
> [GIH(QP)'FZ o~ Gon—77— PR 53100)
p=0 ‘
& _ IFY (om)
+ 2 [G{(Qm)-Fl 0~ Gaiom 57— }Sﬁmm
m=0
AF" (om)
=Gaom ¢~ Gl Fiomy (82)
with
G, =j S0 Vy{LO)
120 =
w2Y B o
1
— 1 forgn
JV(IB{IQIO)'K
b -
—~——————’ for GJ*
2, (B{goy$o)
Gl _ G0 VYo
1.2(0m)=J W—‘Y T
1 18z(m0)
1
S U
J»(.B?QIO)'fo)
. (8¢)
— L forGH
J,(BBoy$o)

In order to calculate the scattering parameters 52, and s,
the bend must be excited at port 2 (Fig. 1(c)). Conse-
quently the scattering parameters s} £ and sy, on the
left-hand side, and the expressmns Fioary and their first
derivatives as well as G1 > on the nght hand side of (8a),
must be replaced by s, 0 and s, or Fyop) and their
first derivatives as well as G|, respectively.

In order to decide how many modes have to be consid-
ered in the expansion of the fields, the convergence be-
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Fig. 2. The dependence of the transmission coefficient |s{}| of the bend
on the sum of mode numbers in the regions I and II M+ P (e, =2.32,
w1=0.438 cm, £=0.156 cm, f=7 GHz).

havior of the method has been investigated. In Fig. 2 the
absolute value of the reflection coefficients |s{j| of a 90°
bend are shown as a function of the considered higher
order modes in regions I and II. The number of the higher
order modes to be considered in region 111 always is equal
to the sum of the higher order modes in regions I and II.
It is clearly demonstrated that the method exhibits the
relative convergence phenomenon, e.g., [6], [7]. Therefore,
convergence to the correct physical values only is given, if
the mode numbers (M and P) in regions I and II are
related to the effective widths (w; and w,) of the lines by
M/P=~w,/w,.

The scattering parameters of the Y-junction can be
deduced from that of the bend. This is done by alternative
even- and odd-mode excitation at opposite ports and
application of the superposition principle. If the Y-junc-
tion is excited symmetrically (the incident waves are of
equal phase and amplitude) at ports 2 and 3, the symme-
try plane S in region I (Fig. 1(d)) can be replaced by a
magnetic wall. An electric wall in the symmetry plane is
assumed in the case of an antisymmetric excitation (the
incident waves have the same amplitude but a phase-dif-
ference of 180°). This procedure leads to the following
relationship between the scattering parameters of the Y-
junction s, and that of the bend s’

Y_ B Y_ B
le_sllm/\/i’ S11=S11m

L (sBatsh.)

Sp= 3

B B
(Szzm - szze)
Sp=— ©)
The subscripts e and m indicate that the elements s are
those of the bend with an electric or a magnetic wall,
respectively (Fig. 1(c)).
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of the bend with different angle y in dependence on the frequency
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V. RESULTS

The scattering parameters of microstrip bends with
arbitrary angle between the lines have been computed
from the truncated system of equations (8a). The method
is not restricted to lines of equal widths. However, the
angle between the lines (y>90°) and the effective widths
(w,,w,) must obey the relation

cos (180°—y) Sw,/w,  for w <w,.

(10)

Only in this case the matching of the fields in the three
regions can be achived on a common interface.

As will be shown in Section VI the characteristic of the
s-parameters for the bends with small angle v, calculated
from the model bend (Fig. lc), are shifted to smaller
frequencies if compared to the measured results. The
displacement increases with decreasing angle y. These
discrepancies between theory and measurement are due to
the fact that for bends with small angle y, which have a
stronger coupling from one line to another near the bend,
the fringing field at the corner of the bend is overesti-
mated by the radius {, in the region [II (model bend). In
order to achive good coincidence between theory and
measurements, an effective radius §.; in region III 1s
taken into account. This radius §.; and the dielectric
constant €' are calculated from physical values by con-
sidering the fringing field as it was done by Wheeler [8],
[9]. In the computation of the results plotted for the bends
with small angle y in this paper, the radius {., and
consequently a new angle relation, are considered. The
introduction of the radius {. should only be understood
as a correction of the computed results, since by the
consideration of {., the exact matching of the fields at a
common interface may be slightly injured.

Fig. 3 shows how for different angles the modules of the
TEM-scattering parameters s and s;; of bends with
equal widths (w,=w,) depend on the frequency f. The
reflection coefficient |sf| increases with f in the
frequency-range 0< f<f.,, where f, is the cutoff-
frequency of the first higher order (TE,;) mode [2], [3].
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Fig. 5. Numerical results for the reflection and transmission coefficient
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angle y in dependence on the frequency f.

Correspondingly, the transmission coefficient |s7| de-
creases with f. For frequencies f > f,;, a part of the power
is transmitted into the TE,,-mode, so that the transmis-
sion coefficient |s)}| of the TEM-mode is always smaller
than that for f=0. If the angle y is small, there exists a
frequency f, in the frequency range f<f., at which the
transmission or reflection coefficient (s5; or sZ) vanishes.
With this the bend attains a bandpass or bandstop char-
acter.

The scattering parameters of the symmetric Y-junction
can be calculated from (8a) and (9). Computed results are
presented in Figs. 4 and 5. The modulus of the reflection
coefficients |s/j| and transmission coefficients |s;| are
plotted in dependence on the frequency f. The field im-
pedance of the microstrip lines I and II are either equal
(z,,1=2z,,) or different (z,,=2z,,/2). The argumentation
given for the reflected and transmitted power of the bend
is valid for the Y-junction, too.

VL

A method has been proposed for the computation of
the scattering parameters of microstrip bends and Y-junc-
tions having an arbitrary angle between the lines.
Measurements have been performed to verify its validity.

CONCLUSION
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for the reflection coefficient |s&| of the bend.

Figs. 6-8 show a few examples of theoretical and experi-
mental results. The measurements are carried out with a
HP-network analyser using the sliding-load method [10].
The influence of the coaxial-to-microstrip transitions and
line-losses is eliminated by a computer-aided calibration
procedure. However it is difficult to reproduce the transi-
tions by calibration and measurement exactly. Therefore,
the mismatching of the coaxial to microstrip line cannot
be considered by the correction procedure completely. So,
a fluctuation of measurement results can be established.
The dotted curves in Fig. 6 have been computed utilizing
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tion.

the model-bend with the radius {, of the region III, as it is
mentioned in Section V. They are shifted to lower
frequencies. For the bends, a good agreement between
theory and experiment is found, if the effective radius {
is taken into account in region III. Discrepancies between
measurement and results obtained from the theory espe-
cially occur if the dielectric constant €, of the substrate
material is small and the frequency is high. This is due to

radiation

effects which then are of pronounced influence

for frequencies near the higher order mode cutoff-
frequencies (Figs. 6 and 8(b)).

a(,,o)
b @0)

C0)

NOMENCLATURE

Normalized field amplitudes of the incident
waves.

Normalized field amplitudes of the reflected
waves.

Normalized field amplitudes of the standing
waves.

x-component of the electric field.
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H,  y-component of the magnetic field.

H, z-component of the magnetic field.

H, p-component of the magnetic field.

J,(x) Bessel function of order » and argument x.

J,(x) First derivative of the Bessel function with re-
spect to {-axis.

Sy Scattering parameters.

m,p,q Mode number.

w Angular frequency.

€ Permittivity equals ey €. €. is the relative
effective permittivity.

) Permeability equals py p,.

k Dominant wave number equals wVey .

B.o0) Guide wave number equals \/I;‘— Bluo -

Yoo Guide characteristic admittance equals B,/

—

(1]
121
B3]
4
(3]

6]

(7]

18]

9

[10]

(1

Wik
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